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ON THE AVERAGE VALUE OF THE CANONICAL
HEIGHT IN HIGHER DIMENSIONAL FAMILIES OF
ELLIPTIC CURVES
WEI PIN WONG
Abstract. Given an elliptic curve E over a function field K =
Q(T1, . . . , Tn), we study the behavior of the canonical height hˆEω
of the specialized elliptic curve Eω with respect to the height of
ω ∈ Qn. In this paper, we prove that there exists a uniform non-
zero lower bound for the average of the quotient
hˆEω (Pω)
h(ω) for all
non-torsion P ∈ E(K).
1. Introduction
Let K be the function field Q(T1, . . . , Tn) and T = (T1, . . . , Tn). Let
E/K be an elliptic curve with Weierstrass equation:
Y 2 = X3 + A(T)X +B(T)
where by change of variable, we can assume A(T), B(T) ∈ Z[T] and
there’s no nonconstant g(T) ∈ Q[T] such that
A(T)
g(T)4
,
B(T)
g(T)6
∈ Z[T].
We further assume that E/K is not split over K, i.e. E is not K-
birational isomorphic to E0 ×Q K for any elliptic curve E0/Q. This
implies A(T) and B(T) cannot be both constant. The discriminant
∆E(T) = −16(4A
3(T) + 27B2(T))
is a non-zero element in Z[T]. Let Qn(∆E) be the set of all ω =
(ω1, . . . , ωn) ∈ Q
n such that ∆E(ω) 6= 0. Thus for every P ∈ E(K), for
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ω such that Pω := P (ω) is defined, the point Pω is a rational point on
the elliptic curve Eω/Q defined by the Weierstrass equation
Y 2 = X3 + A(ω)X +B(ω).
We denote the canonical height on Eω by hˆEω and the logarithmic
height on PnQ by h, i.e.
h(ω) = logH(ω) := logH([1, ω1, . . . , ωn]),
where
H([ν0, . . . , νn]) = max
i
{|νi|}, if νi ∈ Z and gcd(ν0, . . . , νn) = 1.
To ease the notation, we will denote ||ν|| := max
i
{|νi|} for any ν ∈ Z
n.
We prove the following theorems about the average value of
hˆEω (Pω)
h(ω)
.
Theorem 1. With notation as above, let
QnB(∆E) := {ω ∈ Q
n | 1 < H(ω) ≤ B and ∆E(ω) 6= 0},
and
E(K)nt := {P ∈ E(K) | P non-torsion }.
Then there exists an L1 > 0 depending only on ∆E, such that for all P
in E(K)nt, let
QnB(∆E , P ) := {ω ∈ Q
n
B(∆E) | Pω is defined },
we have
AhQE(P ) := lim inf
B→∞
1
#QnB(∆E , P )
∑
ω∈QnB(∆E ,P )
hˆEω(Pω)
h(ω)
≥ L1.
When n = 1, Silverman proved in [12] that
lim
ω∈Q¯n
h(ω)→∞
hˆEω(Pω)
h(ω)
= hˆE(P ),
where hˆE(P ) is the canonical height of P in E/K. One would like to
obtain a similar result for general n but by a simple observation this
limit cannot exist for n ≥ 2. This is because we can restrict the ω to
lie on a particular algebraic curve γ for h(ω) tends to infinity, reducing
this to the case of n = 1, but now the limit obtained will depend on
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Pγ and the elliptic curve Eγ in which it lies. For illustration, consider
the elliptic curve
E/Q(S, T ) : Y 2 = X3 − S2X + T 2
and P = (S, T ) ∈ E(Q(S, T )). If we restrict ω to γ : S = 0, a simple
calculation shows that Pγ = (0, T ) is a torsion point on Eγ(Q(T )) :
Y 2 = X3 + T 2. Thus the limit of
hˆEω (Pω)
h(ω)
is zero when h(ω) tends to
infinity by restriciting ω ∈ γ. On the other hand, if we restrict ω on
the curve γ′ : S = T , Pγ′ = (T, T ) is in a basis of Eγ′(Q(T )) : Y 2 =
X3 − T 2X + T 2 (this is an example given in [13]). Thus Silverman’s
theorem implies a non-zero limit of the quotient when h(ω) tends to
infinity by restriciting ω ∈ γ′. In fact this limit is 1
6
. One can also look
at the restriction T = 1 (resp. S = 1) and get the limit of the quotient
equal to 1
2
(resp. 1
3
).
Since the limit of the quotient
hˆEω (Pω)
h(ω)
fails to exist in general for
n ≥ 2, we turn our attention to look at the average of the quotient:
AhQE(P )B :=
1
#QnB(∆E, P )
∑
ω∈QnB(∆E ,P )
hˆEω(Pω)
h(ω)
.
Following the idea of Silverman, we would like make the following con-
jecture:
Conjecture 2. With the same setting as Theorem 1, for any P ∈
E(K),
lim
B→∞
AhQE(P )B = hˆE(P ).
The case n = 1 for this conjecture is true, which follows trivially from
Silverman’s theorem and Cesa`ro mean theorem. However, proving this
conjecture for n ≥ 2 appears to be difficult, so we first check whether
the conjecture even makes sense, i.e., if the limit of the average exists
as a function of P ∈ E(K), does it satisfy the properties of canonical
height function ( [14] Chapter VIII, Theorem 9.3 or [7] Chapter 5)?
One such property is that hˆE is a quadratic form. By linearity of
average, it’s straightforward that the limit of AhQE(−)B, if it exists, is a
quadratic form too. Another important propety of the canonical height
on E/K is that hˆE(P ) = 0 if and only if P is in the subgroup generated
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by torsion points and the image of K/Q-trace of E ([7] Chapter 6,
Theorem 5.4). Since we assume E is not split over K, then the K/Q-
trace is of dimension zero, which means it’s the trivial group and hence
its image in E is the identity ([4] Example 2.2). In other words, if E
is not split over K, then
(1) hˆE(P ) = 0 if and only if P is a torsion point.
So we investigate property (1) for the limit inferior of AhQE(P )B. We
shall prove that the limit inferior of AhQE(P )B is zero if and only if P
is a torsion point of E(K). The if part is trivial as if P is a torsion
point of E(K), then Pω is a torsion point of Eω(Q) and so the average
is always zero. It turns out the other direction is also true. We will
first prove this by looking at the average over Zn, which is Proposition
3.
Proposition 3. With notation as above, we further let
ZnB(∆E) := {ν ∈ Z
n | 1 < ||ν|| ≤ B and ∆E(ν) 6= 0}.
Then there exists an L2 > 0 depending only on ∆E, such that for all P
in E(K)nt, let
ZnB(∆E, P ) := {ν ∈ Z
n
B(∆E) | Pν is defined },
we have
AhZE(P ) := lim inf
B→∞
1
(2B)n
∑
ν∈ZnB(∆E ,P )
hˆEν (Pν)
h(ν)
≥ L2.
Proposition 3 is the key tool used to prove Theorem 1 via a standard
inclusion-exclusion argument. Notice that Proposition 3 and Theorem
1 state something stronger: there exists a uniform non-zero lower bound
of AhZE(−) and Ah
Q
E(−) for all non-torsion P in E(K). One might
think that the uniform lower bound is expected once we proved that
AhZE(P ) > 0 and Ah
Q
E(P ) > 0 for P in E(K)nt, due to the fact that
E(K)nt is finitely generated and hˆEω can be extended to a positive
definite quadratic form on Eω(Q)⊗ZR. At the level of Eω(Q), one can
get a uniform lower bound of hˆEω on the lattice Eω(Q)nt ⊂ Eω(Q)⊗ZR
in terms of the canonical height of a nice basis of Eω(Q)nt. ([7] Chapter
5, Theorem 7.7 and Corollary 7.9). However, at the average level, it is
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not obvious at all whether one can find a basis {Pi}i∈I of E(K)nt such
that the specialization {Pi(ω)}i∈I is always a nice basis in the image of
specialization (E(K)nt)ω ⊆ Eω(Q)nt for all ω. Our proofs produce the
uniform lower bounds without exploiting these facts.
We will postpone the proofs of Proposition 3 and Theorem 1 to
Section 5 and 6 respectively. On the other side, we also prove that the
limit superior of AhQE(P )B is finite.
Theorem 4. With the same hypothesis as in Theorem 1 and for any
P ∈ E(K), there exists a constant UP depending only on P , such that
hˆEω(Pω) ≤ UP (1 + h(ω))
for all ω ∈ QnB(∆E , P ). Consequently, we have
Ah
Q
E(P ) := lim sup
B→∞
1
#QnB(∆E , P )
∑
ω∈QnB(∆E ,P )
hˆEω(Pω)
h(ω)
<∞.
In fact Theorem 4 is true in a more general setting as stated in the
following theorem:
Theorem 5. Let k be a number field, let S and A be nonsingular,
irreducible, projective varieties defined over k, and let π : A → S be
a flat morphism defined over k so that the generic fiber Aη of π is an
abelian variety over k(S). Let
S0 := {ω ∈ S(k) | Aω is a non-singular abelian variety defined over k}.
Fix a divisor D ∈ Divk(A). For each ω ∈ S
0, let Dω ∈ Div(Aω) be
any divisor in the restriction of the divisor class of D to Aω and the
corresponding canonical height be hˆAω,Dω . Fix a projective embedding
i : S ⊂ Pn, then for any P ∈ Aη(k(S)), there exists a constant c0
depending on hA,D, D, i and P such that
hˆAω ,Dω(Pω) < c0(1 + h(i(ω)))
for all ω ∈ S0 with Pω is defined. As a consequence, if we let
S0B(P ) := {ω ∈ S
0 | 1 < H(i(ω)) < B, P is defined.},
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then
Ah
Q
Aη(P ) := lim sup
B→∞
1
#S0B(P )
∑
ω∈S0B(P )
hˆAω ,Dω(Pω)
h(i(ω))
<∞.
Theorem 5 is easier to prove than Theorem 1, so we will prove this
theorem first in Section 2. After that we will prove Theorem 4 in
Section 3 by a similar fashion.
The behavior of hˆEω(Pω) for n = 1 is well studied in the literature in
a more general setting of an abelian variety A defined over a function
field k(C) of a non-singular projective curve C over a number field k.
In fact this is the original setting in [12] where Silverman proved
lim
t∈C(k¯)
h(t)→∞
hˆAt(Pt)
h(t)
= hˆA(P ).
For the special case where A = E is an elliptic surface, Tate [18] ob-
tained a stronger result by showing that
hˆEt(Pt) = hˆE(P )h(t) +OP (
√
h(t) + 1)
and if C = P1, the error is only OP (1). This stronger result was
extended to the general case of abelian varieties by Lang ([7] Chapter
12, Section 5) under the assumption that the Ne´ron model of the generic
fiber has a good completion. In [2], Call reproved Lang’s result using
a theorem on canonical heights and further discussed cases where the
good completion assumption may be weakened or eliminated. Readers
can consult Chapter III of [16] for a nice introduction and other results
on elliptic surfaces.
Although the behavior of hˆEω(Pω) for n ≥ 2 is not yet well studied
in the literature, we know something about the density of ω such that
hˆEω(Pω) = 0, i.e. Pω is torsion. Again, this is known in the setting of
an abelian variety A defined over a function field k(V ) of a variety V
over a number field k. In [9], Masser proved that for a finitely generated
subgroup Γ of A the specialization homomorphism
σω : Γ→ Aω(k(ω))
is injective “almost always” for ω ∈ V (k¯).
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2. Proof of Theorem 5
Notice that it suffices to prove that the quotient
hˆAω,Dω (Pω)
h(i(ω))
is bounded
above uniformly for all ω ∈ S0B(P ). This is an immediate consequence
of Theorem A of [12], due to Silverman and Tate. In effect, with
the given hypothesis in Theorem 5 and further let hA,D be the Weil
height (defined up to equivalence) corresponding to D, Theorem A
says that there exists a constant c depending on D and A, so that for
all P ∈ Aη(K)∣∣∣hˆAω,Dω(Pω)− hA,D(Pω)∣∣∣ < ch(i(ω)) +O(1),
where O(1) depends on the choice of particular Weil heights hA,D and
the embedding i. So we turn the problem into estimating hA,D(Pω).
We remind the reader about the definition of hA,D. If D ∈ Divk(A)
is very ample, then choose an embedding
φD : A→ P
m
k
correspnding to the linear system |D| and hA,D is defined by
hA,D : A(k) −→ R
p 7−→ h(φD(p)).
For a general divisor D ∈ Divk(A), write D = X − Y , where X, Y ∈
Divk(A) are very ample divisors, and define
hA,D(p) := hA,X(p)− hA,Y (p).
For any P ∈ Aη(K), it defines a rational map
ψP : S A
ω 7−→ Pω.
So we have
hA,D(Pω) = hA,X(Pω)− hA,Y (Pω)
= h(φX(ψP (ω)))− h(φY (ψP (ω)))
≤ h(φX(ψP (ω))),
where fX := φX ◦ ψP is a rational map from S to P
m. By using the
triangle inequality of absolute values of k, one can show the following
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standard property of height on projective space ([7] Chapter 4, Lemma
1.6):
h(fX(ω)) ≤ dh(i(ω)) + c1
for some constant c1 and d that depend on fX only. Finally, by applying
Theorem A, we get
hˆAω,Dω(Pω) ≤ hA,D(Pω) + ch(i(ω)) +O(1)
≤ dh(i(ω)) + c1 + ch(i(ω)) +O(1),
which is the first part of the theorem. Since the set of points of bounded
height in Pn(k) is finite, there’s a non-zero lower bound (which depends
on k) for h(i(ω)) > 0. We obtain our desired uniform upper bound for
hˆAω,Dω (Pω)
h(i(ω))
by dividing the inequality above by h(i(ω)) > 0 and hence
proved the second part of the theorem.
3. Proof of Theorem 4
We remark that Theorem 4 doesn’t follow trivially from Theorem
5 even if we can find a nonsingular irreducible projective variety E/Q
and a flat morphsim π : E −→ Pn with generic fiber Eη isomorphic to
E/K. This is because it is not true in general that we can find a divisor
D ∈ DivQ(E) such that
hE,D(p) = hP1([x(p), 1]) +O(1),
due to the fact that the X-coordinate map
φ : E P1
p 7−→ [x(p), 1]
is just a rational map in general. By mimicking the idea of the proof
of Theorem A in [12], one can overcome this by blowing up E and
extending φ to a morphism. However, we found a more direct and
elementary proof for Theorem 4, which is the one that we are going to
present.
Using just the definition of height on elliptic curves and triangle
inequality of absolute values ofQ, we first prove that there exist positive
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constants c1, c2 such that for all ω ∈ Q
n(∆E) and all p ∈ Eω(Q), we
have
(2) hEω([2]p)− 4hEω(p) ≤ c1h(ω) + c2.
Recall that Eω is defined by the Weierstrass equation:
Y 2 = X3 + A(ω)X +B(ω).
For any p = (x, y) ∈ Eω(Q), we may assume [2]p 6= OEω or otherwise
inequality (2) is trivially true for any positive c1, c2. The duplication
formula gives
x([2]p) =
x4 − 2A(ω)x2 − 8B(ω) + A(ω)2
4x3 + 4A(ω)x+ 4B(ω)
.
Thus, we have
HEω([2]p)
:= H ([x([2]p), 1])
= H
(
[x4 − 2A(ω)x2 − 8B(ω)x+ A(ω)2, 4x3 + 4A(ω)x+ 4B(ω)]
)
≤ 4H
(
[1,−2A(ω),−8B(ω), A(ω)2, 4, 4A(ω), 4B(ω)]
)
H ([x, 1])4
≤ 4NA,BH(ω)
dA,BHEω(p)
4
(3)
where the inequalities are obtained by triangle inequality of absolute
values of Q. The constant NA,B depends on the coefficients and the
number of monomials of A and B, whereas dA,B is the maximum of
degA2 and degB. Inequality (2) is obtained by taking natural loga-
rithm of (3).
Now, we use Tate’s telescoping sum trick to prove an analogy of
Theorem A in [12]:
hˆEω(p)− hEω(p) =
∞∑
n=0
1
4n+1
(
hEω([2
n+1]p)− 4hEω([2
n]p)
)
=
∞∑
n=0
1
4n+1
(hEω([2] ◦ [2
n]p)− 4hEω([2
n]p))
≤
∞∑
n=0
1
4n+1
(c1h(ω) + c2) (Using (2))
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=
c1
3
h(ω) +
c2
3
.(4)
Finally, given any P = (x(T), y(T)) ∈ E(K), the X-coordinate of P
defines a rational map
ψP : P
n P1
ω 7−→ [x(ω), 1].
Just like in the proof of Theorem 5, the standard property of height on
projective space gives
hEω(Pω) := h([x(ω), 1])
= h(ψP (ω))
≤ dh(ω) + c3(5)
for some constants d, c3 that depend on ψP only. We get our conclusion
of Theorem 4 by combining (4) and (5).
4. Lemmas
Besides some results on elliptic curves over Q, the proof of Proposi-
tion 3 requires several non-trivial facts about polynomials with integer
coefficients. In this section, we will state these results and give com-
plete proofs with appropriate references. We remind the reader that
we continue to use all the notations that we have defined previously.
In addition, for the specialized elliptic curve Eω, let ∆Eω = ∆E(ω) and
∆minEω be the discriminant and minimum discriminant of Eω/Q respec-
tively. Also, for any UFD R, whenever we say P1, . . . , Pn are relatively
prime in R[T], we always mean that P1, . . . , Pn don’t have a common
irreducible factor in R[T].
Lemma 6. There exists an absolute constant C1 > 0 such that the
following holds. Let k ≥ 4 be an integer, Nk := lcm(1, 2, 3, . . . , k) and
suppose ν ∈ Zn so that ∆E(ν) is non-zero and k
th-power-free (abbre-
viated as k-free for the rest of the paper). Then for any non-torsion
point q ∈ Eν(Q), we have
hˆEν (q) >
C1
N2k
log |∆minEν |.
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Proof. We make use of a weakened form of a conjecture of Serge Lang
proved by Silverman in section 4 of [11]. We apply it to a non-torsion
point q ∈ Eν(Q) such that q is in
(Eν)0(Qp) := {q ∈ Eν(Qp) | q (mod p) is non-singular}
for every prime p in Q. This is possible by Kodaira-Ne´ron Theo-
rem ([16] Chapter VII, Theorem 6.1) which implies that the order of
Eν(Qp)/(Eν)0(Qp) is either ordp(∆
min
Eν ) or at most 4. So if ∆E(ν) is
k-free, we have ordp(∆
min
Eν ) ≤ k and thus [Nk]q is in (Eν)0(Qp) for all
p with the choice of Nk := lcm(1, 2, 3, . . . , k). Then the special case of
the conjecture gives
hˆEν ([Nk]q) > C1 log |∆
min
Eν |,
for an absolute constant C1 > 0. Using the fact hˆEν is a quadratic form
will complete the proof. 
Lemma 7. ∑
ν∈Zn
1<||ν||≤B
1
log ||ν||
= o(Bn),
where the implicit constant in the small o depends only on n.
Proof. In this proof, the implicit constants of all the big O’s depend
only on n. By symmetry of each quadrant in Zn, we have∑
ν∈Zn
1<||ν||≤B
1
log ||ν||
= O
( ∑
1<x1≤x2≤...≤xn≤B
1
log xn
)
= O
(∫ B
2
∫ xn
0
· · ·
∫ x2
0
1
log xn
dx1 · · · dxn
)
= O
(∫ B
2
1
(n− 1)!
xn−1n
log xn
dxn
)
= O
(∫ √B
2
tn−1
log t
dt+
∫ B
√
B
tn−1
log t
dt
)
= O
(
Bn
logB
)
.

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Lemma 8. Let k,m, r ∈ N satisfy
1
k
+
1
m
+
1
r
≤ 1.
If P,Q,R ∈ C[T] satisfy P k + Qm = Rr, then either P,Q,R are all
constant or else they are not relatively prime.
Proof. We first prove the case n = 1, which is an immediate conse-
quence of Mason–Stothers theorem ([6] Chapter IV, Theorem 7.1 or
[17] Theorem 1.1). Suppose to the contrary that P,Q,R are not all
constant and relatively prime, then by Mason–Stothers theorem, we
have
max{k degP, m degQ, r degR}+ 1 ≤ #distinct roots of P kQmRr
≤ degP + degQ+ degR.
Without lose of generality, suppose k deg P ≥ m degQ, which implies
k deg P ≥ r degR, so the inequality above becomes
k degP + 1 ≤ degP +
k
m
degP +
k
r
deg P
⇒ 1 ≤
(
1
k
+
1
m
+
1
r
− 1
)
k degP ≤ 0,
which is absurd.
Now, let P,Q,R ∈ C[T] satisfy the hypothesis of the lemma. Sup-
pose P,Q,R not all constant and relatively prime. Without lose of
generality, we can assume the degrees of Tn in P,Q are at least 1. We
will make use of some standard results about the resultant of two poly-
nomials in R[x], where R is a UFD. These results eventually boil down
to linear algebra ([5] Chapter VIII, Theorem 8.1). Consider P,Q as
element in C[T1, . . . , Tn−1][Tn] and let f ∈ C[T1, . . . , Tn−1] be the resul-
tant of P,Q with respect to the variable Tn. Then there exist non-zero
u, v ∈ C[T] with degTn u < degTn Q and degTn v < degTn P such that
uP + vQ = f.
Since P,Q have no common factor in C[T], f cannot be identically
zero. We can choose y := (y1, . . . , yn−1) ∈ Cn−1 such that f(y) 6= 0
and P (y, Tn) is nonconstant. Then Py(Tn) := P (y, Tn) and Qy(Tn) :=
Q(y, Tn) are relatively prime in C[Tn] and Py(Tn) is nonconstant. So we
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get relatively prime Py, Qy, Ry ∈ C[Tn] such that not all are constant
and satisfies the hypothesis of the lemma for n = 1, which is impossible
as we have shown previously. 
Lemma 9. Let k,m, r ∈ N satisfy
1
k
+
1
m
+
1
r
≤ 1.
Let ℓ = lcm(k,m) and g = gcd(k,m), and assume that ℓ|r. Let
P,Q,R ∈ C[T] be polynomials with R 6= 0 that satisfy
P k +Qm = Rr.
Then there exists α1, α2 ∈ C such that
P = α1R
m
g
r
ℓ and Q = α2R
k
g
r
ℓ .
Proof. The case where P,Q,R are all constant is trivial. So suppose
P,Q,R are not all constant. We let S := R
r
ℓ and we have
(6) P k +Qm = Sℓ.
Let G1, . . . , Gs be the distinct irreducible factors of PQS and write
P = α
∏
i
Gaii , Q = β
∏
i
Gbii , S = γ
∏
i
Gcii
with α, β, γ ∈ C. Then we can rewrite the equality (6) as
(7) αk
∏
i
Gaiki + β
m
∏
i
Gbimi = γ
ℓ
∏
i
Gciℓi .
We claim that aik = bim = ciℓ for all i. Notice that we cannot have
one exponent of Gi in equation (7) that is strictly less than the other
two, otherwise by dividing by the least power Gi factor, we get a con-
tradiction. So two of the exponents of Gi in equation (7) are equal and
at most equal to the third one. We divide equation (7) by Gi with the
common lower exponent and we do this for all i. Using the fact that
ℓ = lcm(k,m), the resulting equation can be written in the form
P k1 +Q
m
1 = S
ℓ
1,
where P1, Q1, S1 are either all constant or relatively prime. Notice
that the former case corresponds to our claim aik = bim = ciℓ for
all i and we are going to prove that this must be the case. Since
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1
k
+ 1
m
+ 1
r
≤ 1, without lose of generality, k ≥ 2 and m ≥ 3 and one
easily verifies that ℓ := lcm(k,m) ≥ 6 except for the cases (k,m, ℓ) =
(3, 3, 3), (2, 4, 4), (4, 4, 4), (5, 5, 5). So we always have 1
k
+ 1
m
+ 1
ℓ
≤ 1
and hence we can apply lemma 8 on P1, Q1, S1 to conclude that they
are all constant. So we have
P = α1S
ℓ
k = α1S
m
g and Q = α2S
ℓ
m = α2S
k
g .
Substituting back S = R
r
ℓ completes the proof. 
To avoid heavy notation in the proofs below, we denote
ZB := Z ∩ [−B,B]
and for any F ∈ Z[T],
ρF (m) := {ν ∈ (Z/mZ)
n | F (ν) ≡ 0 (mod m)},
||F || := max{|c| | c is a coefficient of F}.
Note:
(1) By abuse of notation, the symbol ≡ used in the proofs of lem-
mas 10 and 11 has three different meanings depending on the
context. When f is an element of Z[x], f ≡ 0 means f is the
zero polynomial. The notation f ≡ 0 in Z/pZ[x] means the
reduction mod p of f is the zero polynomial in Z/pZ[x]. If we
evalaute f at x and f(x) is an integer, the notation f(x) ≡ 0
(mod p) means p divides f(x).
(2) By definition, a polynomial F ∈ Z[T] consists the information
of its domain. Thus, if an implicit constant in the big O or
small o notation is said to be dependent on F , that means that
it depends on deg F and n as well.
Lemma 10. Let F ∈ Z[T] with total degree d ≥ 1. Then for all prime
p bigger than ||F ||, we have
Np(F,B) := #{ν ∈ Z
n
B | F (ν) ≡ 0 (mod p)} = O
(
Bn
p
+Bn−1
)
,
where the implicit constant in the big O depends only on n and d.
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Proof. In this proof, the implicit constants of all the big O’s depend
only on n and d. We prove by induction on n. For n = 1, with the
condition on p, F 6≡ 0 ∈ Z/pZ[T1]. So
Np(F,B) ≤ ρF (p)
(
2B
p
+ 1
)
≤ d
(
2B
p
+ 1
)
.
Now let F ∈ Z[T] and for y ∈ Zn−1, Fy(Tn) := F (y, Tn) ∈ Z[Tn].
The condition Fy ≡ 0 in Z/pZ[Tn] becomes a bunch (at most d) of
polynomials of degree at most d in Z[T1, . . . , Tn−1] equal zero mod p.
Thus, by induction hypothesis,
#{y ∈ Zn−1B | Fy ≡ 0 in Z/pZ[Tn]} = O
(
Bn−1
p
+Bn−2
)
.
So we get
Np(F,B) =
∑
y∈Zn−1B
Fy≡0 in Z/pZ[Tn]
Np(Fy, B) +
∑
y∈Zn−1B
Fy 6≡0 in Z/pZ[Tn]
Np(Fy, B)
≤ O
(
(2B)n−1
p
+ (2B)n−2
)
(2B + 1) + (2B + 1)n−1d
(
2B
p
+ 1
)
= O
(
Bn
p
+Bn−1
)
.

Lemma 11. Suppose F (T) ∈ Z[T] has total degree d ≥ 1 and has
no repeating irreducible factor in Z[T]. Then except for finitely many
prime p, we have
Np2(F,B) := #{ν ∈ Z
n
B | F (ν) ≡ 0 (mod p
2)}
= O
(
Bn
p2
+Bn−1
)
,
whenever p ≤ B. The implicit constant in the big O depends only on
F .
Proof. In this proof, the implicit constants of all the big O’s depend
only on F , which includes d and n. Since we allow finitely many ex-
ception on p, we can assume F is primitive, i.e. the content of F
is 1. For n = 1, if p ∤Disc(F ) 6= 0, then Np2(F,B) ≤ d
(
2B
p2
+ 1
)
.
Now let F ∈ Z[T] and for y ∈ Zn−1, Fy(Tn) := F (y, Tn) ∈ Z[Tn]. Let
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Y := (T1, . . . , Tn−1). By Gauss’ lemma for UFDs, the fact that F has no
repeating irreducible factor in Z[T] = Z[Y][Tn] implies the same holds
inQ(Y)[Tn]. SoD(Y) := Disc(FY) 6≡ 0 ∈ Z[Y]. Also, for p bigger than
||D||, D(Y) 6≡ 0 ∈ Z/pZ[Y]. We write FY(Tn) = ad(Y)T
d
n+ . . .+a0(Y)
and we divide into two cases:
Case 1: gcd(ad(Y), . . . , a0(Y)) = 1. We decompose Np2(F,B) into the
following three sums:
∑
y∈Zn−1B
D(y)6≡0 (mod p)
Np2(Fy, B) +
∑
y∈Zn−1B
Fy 6≡0 in Z/pZ[Tn]
D(y)≡0 (mod p)
Np2(Fy, B) +
∑
y∈Zn−1B
Fy≡0 in Z/pZ[Tn]
Np2(Fy, B)
The first sum is trivially bounded by (2B+1)n−1d
(
2B
p2
+ 1
)
. Whereas
for the second sum, we apply lemma 10 on D(Y) to get an upper bound
O
(
Bn−1
p
+Bn−2
)
dp
(
2B
p2
+ 1
)
= O
(
Bn
p2
+Bn−1
)
.
Lastly, since gcd(ad(Y), . . . , a0(Y)) = 1, if we look at the y ∈ (Z/pZ)
n−1
such that Fy ≡ 0 in Z/pZ[Tn], either y is a common root in (Z/pZ)
n−1
of at least two polynomials that are relatively prime in Z[T1, . . . , Tn−1]
or there is no such y because there is only one non-zero ai(Y) and it
must be 1 by assumption of case 1. From the proof of Theorem 3.1 of
Poonen in [10], the set of such y ∈ (Z/pZ)n−1 has order O(p(n−1)−2) for
large p. Hence we have for p ≤ B,
∑
y∈Zn−1B
Fy≡0 in Z/pZ[Tn]
Np2(Fy, B) ≤ O(p
n−3)
(
2B
p
+ 1
)n−1
(2B + 1)
= O(pn−3)O
(
Bn−1
pn−1
+
Bn−2
pn−2
)
(2B + 1)
= O
(
Bn
p2
+Bn−1
)
and we are done.
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Case 2: gcd(ad(Y), . . . , a0(Y)) = g(Y) 6= 1. Then F (T) = A(T)g(Y)
for some nonconstant A(T) ∈ Z[T]. Then
Np2(F,B) =
∑
y∈Zn−1B
g(y)≡0 (mod p2)
O(2B) +
∑
y∈Zn−1B
p||g(y)
Np(Ay, B) +
∑
y∈Zn−1B
p∤g(y)
Np2(Ay, B),
where p||g(y) means p|g(y) but p2 ∤ g(y). Since g(Y) does not have
repeating irreducible factor in Z[T1, . . . , Tn−1] too, we use the induction
on n to bound the first sum by Od,n
(
Bn−1
p2
+Bn−2
)
O(2B). As for the
third sum, it is trivially bounded by Np2(A,B) and this reduces to case
1. Finally, we split the middle sum as follows:∑
y∈Zn−1B
p||g(y)
Np(Ay, B) =
∑
y∈Zn−1B
p||g(y)
Ay 6≡0 in Z/pZ[Tn]
Np(Ay, B) +
∑
y∈Zn−1B
p||g(y)
Ay≡0 in Z/pZ[Tn]
O(2B).
Using lemma 10, we can bound the first sum by
O
(
Bn−1
p
+Bn−2
)
d
(
2B
p
+ 1
)
= O
(
Bn
p2
+Bn−1
)
.
As for the second sum, since A is of case 1, the order of y ∈ (Z/pZ)n−1
such that Ay ≡ 0 in Z/pZ[Tn] is O(p
(n−1)−2) and so the sum is bounded
by
O(pn−3)
(
2B
p
+ 1
)n−1
O(2B) = O
(
pn−3
(
3B
p
)n−1
B
)
= O
(
Bn
p2
)
,
for large p ≤ B. 
Lemma 12. Suppose F (T) ∈ Z[T] has total degree d and has no re-
peating irreducible factor in Z[T]. Then for all integers k ≫ d we
have
#{ν ∈ ZnB | F (ν) is k-free} ∼ γk,F (2B)
n,
where γk,F :=
∏
prime p∈Z
(
1−
ρF (p
k)
pnk
)
is a non-zero convergent Euler
product. Here, we adopt the convention that 0 is k-free for all integer
k ≥ 2.
Proof. In this proof, we will introduce some arbitrary constants ξ, ǫ > 0,
and the implicit constants of all the big O’s depend only on F , k, ξ
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and ǫ. We adapt the idea of Browning in section 4 of [1]. Let ξ > 0 be
a constant and define the following sets:
N
(k)
fr : = {ν ∈ Z
n
B | F (ν) is k-free},
N
(k)
nfr, 1 : =
{
ν ∈ ZnB
∣∣∣∣F (ν) is not k-free, and for all prime p suchthat pk|F (ν), we have ξ < p ≤ B
}
,
N
(k)
nfr, 2 : =
{
ν ∈ ZnB
∣∣∣∣∣ F (ν) is not k-free, and for all prime p suchthat pk|F (ν), we have p > ξ, and
pk|F (ν) for some prime p > B
}
,
N
(k)
ξ : = {ν ∈ Z
n
B | if p
k|F (ν) then p > ξ} = N
(k)
fr ⊔N
(k)
nfr, 1 ⊔N
(k)
nfr, 2,
M
(2)
fr : =
{
ν ∈ ZnB
∣∣∣∣ F (ν) is k-free, andp2|F (ν) for some prime ξ < p ≤ B
}
,
M
(2)
nfr : =
{
ν ∈ ZnB
∣∣∣∣ F (ν) is not k-free, andp2|F (ν) for some prime ξ < p ≤ B
}
,
M (2) : = {ν ∈ ZnB | p
2|F (ν) for some prime ξ < p ≤ B} =M
(2)
fr ⊔M
(2)
nfr .
Then obviously we have M
(2)
fr ⊂ N
(k)
fr and N
(k)
nfr, 1 ⊂M
(2)
nfr and thus
#N
(k)
ξ ≥ #N
(k)
fr ≥ #N
(k)
ξ −#M
(2) −#N
(k)
nfr, 2.
We first estimate #N
(k)
ξ with the help of Mo¨bius function µ. Let
ρF (m) := #{ν ∈ (Z/mZ)
n | F (ν) ≡ 0 (mod m)}.
Then we can write
#N
(k)
ξ =
∑
h∈N
p|h⇒p≤ξ
µ(h)#{ν ∈ ZnB | h
k|F (ν)}
=
∑
h∈N
p|h⇒p≤ξ
µ(h)ρF (h
k)
(
2B
hk
+O(1)
)n
=
∑
h∈N
p|h⇒p≤ξ
µ(h)ρF (h
k)
(
(2B)n
hkn
+O
((
2B
hk
)n−1
+ 1
))
.
Since the summation sums only square-free h, the condition p|h⇒ p ≤
ξ implies
h ≤
∏
p≤ξ
p = exp
(∑
p≤ξ
log p
)
≤ e2ξ,
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where the last inequality is gotten by the prime number theorem. More-
over, it follows from the proof of Theorem 3.2 of Poonen in [10] that
ρF (p
2) = O(p2n−2) (or we can also deduce this from lemma 11 with
B = p2). Subsequent lifting will lead to ρF (p
j) = O(pjn−2) for j ≥ 2.
Together with the fact that ρF is multiplicative, we have for square-free
h that ρF (h
k) = O(hnk−2+ǫ) for any ǫ > 0. The ǫ is needed here in order
to bound the product of rh copies of the implicit constant of O(p
2n−2),
where rh is the number of distinct prime factors of h. Using the fact
that h is square-free, we have h ≥ rh! and the Stirling’s formula will
give us the desired bound. With this, we obtain
#N
(k)
ξ = (2B)
n
∏
p≤ξ
(
1−
ρF (p
k)
pnk
)
+O
(
(2B)n−1e2ξ(k−1+ǫ) + e2ξ(nk−1+ǫ)
)
.
Again because ρF (p
k) = O(pkn−2), the infinite product
γk,F :=
∏
prime p∈Z
(
1−
ρF (p
k)
pnk
)
converges and we have
#N
(k)
ξ ≥ (2B)
nγk,F +O(B
n−1).
Next, by lemma 11, we have
#M (2) ≤
∑
ξ<p≤B
#{ν ∈ ZnB | p
2|F (ν)}
=
∑
ξ<p≤B
O
(
Bn
p2
+Bn−1
)
≤ c
(
Bn
ξ
+
Bn
logB
)
for some constant c > 0 depending only on n and d. The first term of
the upper bound is obtained by integral estimate and the second is by
the Prime Number Theorem.
Lastly, #N
(k)
nfr, 2 = 0 for B big enough. In effect, there exists a
constant CF > 0 such that |F (ν)| ≤ CF ||ν||
d. Thus, for all B > CF ,
prime p > B, ν ∈ ZnB and k > d, we have
pk > Bk ≥ Bd+1 > CFB
d ≥ |F (ν)|,
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so no such pk divides F (ν).
Combining together all the estimates, we get
#N
(k)
fr ≥ γk,F (2B)
n +O(Bn−1)−
c
ξ
(2B)n + od,n(B
n)
for B > max{ξ, CF}. The fact that ρF (p
k) = O(pkn−2) implies γk,F
converges and γk,F is zero if and only if one of its factors is zero. So
in order to make γk,F > 0, it’s sufficient to choose k big enough such
that ρF (p
k) < pnk for all prime p. More explicitly, choose a ν0 such
that F (ν0) 6= 0 and look at its prime factorization
∏
i
pβii in Z. Then
any k > max
i
{βi, d} will do. We fix this k and for any λ ∈ (0, 1), by
choosing ξ big enough so that c
ξ
≪ γk,F , we get
#N
(k)
fr ≥ λγk,F (2B)
n
for B big enough. Since for all ξ ≫ 0, #N
(k)
ξ ≥ #N
(k)
fr and
#N
(k)
ξ ∼ (2B)
n
∏
p≤ξ
(
1−
ρF (p
k)
pnk
)
,
we get∏
p≤ξ
(
1−
ρF (p
k)
pnk
)
≥ lim sup
B→∞
#N
(k)
fr
(2B)n
≥ lim inf
B→∞
#N
(k)
fr
(2B)n
≥ λγk,F
for all ξ ≫ 0 and λ ∈ (0, 1). Taking λ→ 1 (which forces ξ →∞ ) will
complete the proof.

Corollary 13. For any F (T) ∈ Z[T], then there exists an integer k0,
such that for all integer k ≥ k0 and for all λ ∈ (0, 1), there exist B0 > 0
depending on F, k, λ and ck,F > 0 depending on F, k such that
#{ν ∈ ZnB | F (ν) is k-free} ≥ λck,F (2B)
n
whenever B ≥ B0.
Proof. Write F =
r∏
i=1
fαii where fi are distinct irreducible factors of
F in Z[T]. Let f :=
r∏
i=1
fi with total degree d and α := max
i
{αi}.
Now it is immediate by the previous lemma that for all k ≥ k′α, where
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k′ > d big enough as in the previous lemma, we obtain our corollary
with ck,F = γk′,f > 0. 
Lemma 14. For any integer N ≥ 2, we denote frN(m) to be the N
th-
power-free part of the integer m, i.e. the smallest positive integer ℓ such
that |m|
ℓ
is a N th-power of an integer. Suppose a primitive F (T) ∈ Z[T]
is not a pth-power in C[T] for all prime p|N . Then for all M > 2, we
have
#{ν ∈ ZnB | (frN(F (ν)))
M > ||ν||} ∼ (2B)n.
Proof. Let the total degree of F be d and hence there exists a constant
CF ≥ 1 such that |F (ν)| ≤ CF ||ν||
d. Define
SM(F,B) :=
(ν, y, z) ∈ Zn+2
∣∣∣∣∣∣
||ν|| ≤ B,
|y| ≤ (CFB
d)
1
N , F (ν) = yNz
0 < |z| ≤ B
1
M ,
 .
We will prove by induction that
#SM(F,B)≪F,ǫ,M,N C
ǫ
FB
(n−1)+ 1
N
+ 1
M
+2dǫ logB ∀ǫ > 0.
The implicit constants of the big O’s and small o’s that appear in this
proof will depend only on F , ǫ, M and N . We are going to apply
Theorem 15 of Heath-Brown in [3], so we try to use notations that are
coherent with it. For n = 1, for all z0 ∈ Z, let
N(fz0 , B, (CFB
d)
1
N ) :=
{
(ν, y) ∈ Z2
∣∣∣∣ ||ν|| ≤ B, |y| ≤ (CFBd) 1N ,fz0(ν, y) := F (ν)− z0yN = 0
}
.
Then
#SM(F,B) =
∑
0<|z0|≤B
1
M
#N(fz0 , B, (CFB
d)
1
N ).
Since for all prime p|N , F is not a pth-power in C[T1], the same holds in
C(T1). By Capelli’s lemma ([6] Chapter VI, Theorem 9.1), fz0(T1, Y ) =
F (T1)− z0Y
N is absolutely irreducible in C(T1)[Y ] for all z0 6= 0. We
need this fact for the next step.
Now we apply Theorem 15 of Heath-Brown in [3] onN(fz0 , B, (CFB
d)
1
N ).
Let T := max{Bd, CFB
d} = CFB
d. Then for all ǫ > 0, there exists a
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constant D = Dd,ǫ and k ∈ N with
k ≪d,ǫ T
ǫ exp
{
logB log(CFB
d)
1
N
log(CFBd)
}
log ||fz0||
≪d,ǫ (CFB
d)ǫB
1
N log ||fz0||,
such that there exists f˜1, . . . , f˜k ∈ Z[T1, Y ], coprime to fz0 and with de-
grees at most D, such that every (ν, y) counted by N(fz0 , B, (CFB
d)
1
N )
is a zero of some polynomial f˜i. By Be´zout’s theorem, the number
of points of intersection of curves f˜i = 0 and fz0 = 0 is bounded by
deg f˜i · deg fz0 ≤ D(d+N). This gives immediately
#N(fz0 , B, (CFB
d)
1
N )≪d,ǫ D(d+N)(CFB
d)ǫB
1
N log ||fz0||.
So
#SM (F,B)≪d,ǫ,N
∑
0<|z0|≤B
1
M
(CFB
d)ǫB
1
N log ||fz0||(8)
≪d,ǫ,N
∑
0<|z0|≤B
1
M
(CFB
d)ǫB
1
N logB
≪d,ǫ,N C
ǫ
FB
1
N
+ 1
M
+dǫ logB,
where we may choose B ≥ ||F || and hence ||fz0|| ≤ B for |z0| ≤ B
1
M .
Now we proceed to prove for a general n ≥ 2. For all x ∈ Zn−1, let
Fx(Tn) := F (x, Tn) ∈ Z[Tn]. For all p|N , since F (T) is not a p
th-power,
we look at the pth-power-free part of F (T) in Z[T], call it Gp(T). In
other words, Gp(T) is the smallest degree polynomial such that
F (T)
Gp(T)
is
a pth-power in Z[T]. So Gp(T) =
∏
j Gp,j(T)
βj where Gp,j are distinct
irreducible factors and 0 < βj < p. Let gp(T) :=
∏
j Gp,j(T), which
has no repeated irreducible factor in Z[T]. Using Gauss’ lemma on
UFDs and by reindexing if necessary, the discriminant of gp(X, Tn) ∈
(Z[X])[Tn] is not a zero polynomial in Z[X]. So there are at most
O(Bn−2) of x ∈ Zn−1B such that gp,x(Tn) := gp(x, Tn) has repeated
irreducible factor in Z[Tn]. This will imply that there are at most
O(Bn−2) of x ∈ Zn−1B such that Fx(Tn) is a p
th-power in Z[Tn]. So we
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have
(9) #SM(F,B) =
∑
x∈Zn−1B
Fx non-pth-power
for all p|N
#SM (Fx, B) +
∑
x∈Zn−1B
Fx pth-power
for some p|N
#SM(Fx, B).
Notice that |Fx(νn)| ≤ (CFB
d)|νn|
d for x ∈ Zn−1B and deg Fx ≤ d. So
using the result from the case n = 1, we get
#SM(F,B)
≪d,ǫ,N (2B)
n−1(CFBd)ǫB
1
N
+ 1
M
+dǫ logB +O(Bn−2 ·B ·B
1
M )
≪F,ǫ,M,N C
ǫ
FB
(n−1)+ 1
N
+ 1
M
+2dǫ logB,
where for the estimation of the second sum, we use the fact that y is
determined (up to sign for the case N is even) once (νn, z0) is fixed
in Fx. When ǫ is sufficiently small relative to d and M > 2, we get
#SM(F,B) = o(B
n). Lastly, define
BadM(F,B) := {ν ∈ Z
n
B | (frN(F (ν)))
M ≤ ||ν||},
which is the complement of {ν ∈ ZnB | (frN (F (ν)))
M > ||ν||} in ZnB. It
is a simple exercise to show that BadM(F,B) injects into SM(F,B) via
the map ν 7−→ (ν, N
√
|F (ν)|/ frN(F (ν)), sign(F (ν)) frN(F (ν))), hence
giving us the lemma. 
Corollary 15. With the same hypothesis as in the previous lemma and
further let g ∈ N such that 0 < g ≤ B
1
N+2 , then for M big enough, we
have
#
{
ν ∈ ZnB
g
∣∣∣ (frN(F (ν)))M > gM(N−1)+1||ν||} ∼ (2B
g
)n
.
In particular, when N = 2 or 3, then any M > 8 is admissible.
Proof. The proof is just a slight modification of the previous proof, so
we will continue using all the notations from the previous proof. Again,
the implicit constants of the big O’s and small o’s in this proof depend
only on F, ǫ,M and N . We are going to show that the complement of{
ν ∈ ZnB
g
∣∣∣ (frN (F (ν)))M > gM(N−1)+1||ν||} ,
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which is
BadM(F,B, g) :=
{
ν ∈ ZnB
g
∣∣∣ (frN(F (ν)))M ≤ gM(N−1)+1||ν||} ,
has order o
(
2B
g
)n
. Just like the previous proof, BadM(F,B, g) injects
into
SM(F,B, g) :=

(ν, y, z) ∈ Zn+2
∣∣∣∣∣∣∣∣∣∣
||ν|| ≤ B
g
,
|y| ≤
(
CF
(
B
g
)d) 1N
, F (ν) = yNz
0 < |z| ≤ gN−1+
1
M
(
B
g
) 1
M
,

.
Thus, it suffices to show that #SM(F,B, g) = o
(
2B
g
)n
. Comparing
SM(F,B, g) to SM(F,B) from the previous proof, this boils down to
just changing B to B
g
and slightly increasing the upper bound for z
with a factor of gN−1+
1
M . So for n = 1, from (8), we have
#SM(F,B, g)≪d,ǫ,N
∑
0<|z0|≤gN−1+
1
M (Bg )
1
M
(
CF
(
B
g
)d)ǫ(
B
g
) 1
N
log ||fz0||
≪d,ǫ,N C
ǫ
F
(
B
g
) 1
N
+ 1
M
+dǫ
gN−1+
1
M logB,
where we choose B ≥ ||F || and hence ||fz0|| ≤ max{B, g
N−1B
1
M } ≤ B2.
Since g ≤ B
1
N+2 , we have B
g
≥ gN+1 and B ≤
(
B
g
)N+2
N+1
<
(
B
g
)2
, so
#SM(F,B, g)≪d,ǫ,N C
ǫ
F
(
B
g
) 1
N
+ 1
M
+dǫ(
B
g
)N−1
N+1
+ 1
(N+1)M
log
(
B
g
)
,
which is o
(
2B
g
)
for M sufficiently big and ǫ sufficiently small. Using
the same induction argument as in (9), we have for n ≥ 2,
#SM(F,B, g)
≪d,ǫ,M,N
(
2
B
g
)n−1(
CF
(
B
g
)d)ǫ(
B
g
) 1
N
+ 1
M
+dǫ+N−1
N+1
+ 1
(N+1)M
log
(
B
g
)
+O
((
B
g
)n−2
·
B
g
· gN−1+
1
M
(
B
g
) 1
M
)
AVERAGE VALUE OF THE CANONICAL HEIGHT 25
≪F,ǫ,M,N C
ǫ
F
(
B
g
)n−1+ 1
N
+ 1
M
+2dǫ+N−1
N+1
+ 1
(N+1)M
log
(
B
g
)
,
(10)
which is also o
(
2B
g
)n
for M sufficiently big and ǫ sufficiently small.
We remark that for the case N = 2, 3, the exponent of B
g
in (10) are
n− 1 + 2dǫ+ 5
6
+ 4
3M
and n− 1 + 2dǫ+ 5
6
+ 5
4M
respectively. For any
M > 8, there exists ǫ > 0 such that this exponent is strictly less than
n, hence giving us corollary 15 for the case N = 2, 3 and these are the
instances where we will apply this corollary. 
5. Proof of Proposition 3
We keep all the notations as previously defined in this paper. The
implicit constants of the big O’s and small o’s that appear in this proof
will depend only on ∆E , n and P . The main idea in this proof is to
first apply lemma 6. This allows us to get a lower bound of hˆEν(Pν)
in term of ∆minEν , for all “nice” ν ∈ Z
n. Then we try to bound ∆minEν
below in term of ∆Eν and then in term of h(ν), again for all “nice” ν.
The nontrivial part of the proof is to show that after we impose again
and again certain niceness conditions on ν, this set of of “nice” ν has
a positive density in ZnB(∆E , P ).
Fix a big integer k ≥ 4, which we will specify how big it should be at
the end of the proof and let Nk := lcm(1, 2, 3, . . . , k). Then by lemma
6, there is an absolute constant C1 > 0 such that for any P ∈ E(K)nt
and for any ν ∈ ZnB(∆E , k, P
nt
ν ), where
ZnB(∆E , k, P
nt
ν ) := {ν ∈ Z
n
B(∆E , P ) | ∆E(ν) is k-free, Pν ∈ Eν(Q)nt},
we have ∑
ν∈ZnB(∆E ,P )
hˆEν(Pν)
h(ν)
≥
C1
N2k
∑
ν∈ZnB(∆E ,k,Pntν )
log |∆minEν |
h(ν)
=
C1
N2k
∑
ν∈ZnB(∆E ,k,Pntν )
log |∆minEν |
log ||ν||
.(11)
We obtain the second line because of the convention that we made
earlier : h(ν) = logH([1, ν1, . . . , νn]).
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Next, we claim that ∆E(T) = −16(4A
3(T) + 27B2(T)) is never a
constant times a twelfth power in Z[T], otherwise lemma 9 says that
there exists g(T) ∈ Q[T] such that A(T)
g(T)4
, B(T)
g(T)6
∈ Z. So using Gauss’
lemma, we can write ∆E(T) = α(F (T))
a+12b, where α ∈ Z, F (T) is
primitive in Z[T], non-power in C[T], a ∈ {1, 2, 3, . . . , 11} and b ∈ N.
Recall that for all primes p in Q,
0 ≤ ordp(∆
min
Eν ) ≡ ordp(∆Eν ) (mod 12),
so ordp(∆
min
Eν ) is at least the unique integer in {0, 1, 2, . . . , 11} congru-
ent to ordp(∆Eν ) (mod 12). We split into two cases in order to get a
lower bound of ∆minEν .
Case 1: a 6= 4, 8. If we let sqfr(m) := fr2(m) and sq(m) :=
|m|
sqfr(m)
be
the square-free part and square part of an integer m, then we have
|∆E(ν)| = |α| |sq(F (ν))|
a+12b |sqfr(F (ν))|a+12b .
Notice that for every prime factor p of sqfr(F (ν)) that is relatively
prime to α, its power βp in F (ν) is odd and thus aβp 6≡ 0 (mod 12) for
a 6= 4, 8. So p is a factor of ∆minEν and we have for ν ∈ Z
n
B(∆E , k, P
nt
ν ),
|∆minEν | ≥
| sqfr(F (ν))|
|α|
.
Case 2: a = 4 or 8. The argument is similar to case 1 except that
we look at cufr(F (ν)) := fr3(F (ν)), the cube-free part of F (ν). Then
for every prime factor p of cufr(F (ν)) that is relatively prime to α, its
power βp in F (ν) is not a multiple of 3 and thus aβp 6≡ 0 (mod 12)
for a = 4 or 8. In fact, aβp ≡ 4 or 8 (mod 12). So again, for ν ∈
ZnB(∆E, k, P
nt
ν ), we have
|∆minEν | ≥
| cufr(F (ν))|
|α|2
.
Fix M > 2 and let
GoodM(F,B) :=

{
ν ∈ ZnB(∆E) | | sqfr(F (ν))|
M > ||ν||
}
if a 6= 4, 8{
ν ∈ ZnB(∆E) | | cufr(F (ν))|
M > ||ν||
}
if a = 4, 8.
Then from inequality (11), we have
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∑
ν∈Zn
B
(∆E ,P )
hˆEν(Pν)
h(ν)
≥
C1
N2k
∑
ν∈Zn
B
(∆E ,k,Pntν )∩GoodM (F,B)
log ||ν||
1
M − log |α|2
log ||ν||
=
C1
N2kM
∑
ν∈ZnB(∆E ,k,Pntν )∩GoodM (F,B)
1 + o(Bn),
where we use lemma 7 to bound the sum of the second term. Now
we are at the final step of analyzing the asymptotic cardinal of the set
ZnB(∆E, k, P
nt
ν ) ∩GoodM(F,B). It is straightforward that
#ZnB(∆E , P ) ∼ (2B)
n
as the set of points for which ∆E(T) vanishes or Pν is not defined is
of order at most O(Bn−1). Next, by Mazur’s theorem ([14] Chapter
VIII, Theorem 7.5), the order of Eν(Q)tor is at most 12. Hence if Pν is
torsion, ν must satisfy one of the twelve algebraic equations of torsion
points that depends on P . Since P is non-torsion in E(K), none of the
twelve equations is identically zero and so
#{ν ∈ Zn | H(ν) ≤ B and Pν is torsion} = O(B
n−1).
This gives
#ZnB(∆E, P
nt
ν ) := #{ν ∈ Z
n
B(∆E, P ) | Pν ∈ Eν(Q)nt} ∼ (2B)
n.
We now apply corollary 13 to ∆E(T), and we specify that k is big
enough such that ck,∆E > 0 as in the corollary. Then for any λ ∈ (0, 1)
and for B big enough, we get
#ZnB(∆E , k, P
nt
ν ) ≥ λck,∆E(2B)
n.
Lastly, since F is primitive and is neither a square nor cube in Z[T],
we use lemma 14 to conclude
#
(
ZnB(∆E , k, P
nt
ν ) ∩GoodM(F,B)
)
≥ λck,∆E(2B)
n
and this give us∑
ν∈ZnB(∆E ,P )
hˆEν(Pν)
h(ν)
≥
C1
N2kM
λck,∆E(2B)
n + o(Bn)
This proves Proposition 3 with a lower bound C1
N2kM
λck,∆E for any λ ∈
(0, 1) and M > 2, hence we can take L2 =
C1
2N2
k
ck,∆E .
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6. Proof of Theorem 1
The idea of this proof is to reduce to the case of Proposition 3, since
a point in PnQ can be represented with integers coordinates. Again,
the implicit constants of the big O’s and small o’s that appear in this
proof will depend only on ∆E , n and P , unless stated otherwise. Let
ω =
(
u1
v1
, . . . , un
vn
)
∈ Qn in the lowest form and let ℓω := lcm(v1, . . . , vn).
Recall that the Weierstrass equation of Eω is
Y 2 = X3 + A(ω)X +B(ω),
which might not have integer coefficients. In order to estimate ∆minEω , we
need to look at a Weierstrass equation that is Q-isomorphic to Eω with
integer coefficients. Let d be the maximum of degA and degB. By
a change of variable Y ′ = ℓ3dω Y and X
′ = ℓ2dω X , we obtain an integral
coefficients Weierstrass equation:
Y ′2 = X ′3 + ℓ4dω A(ω)X
′ + ℓ6dω B(ω)
with discriminant
∆′Eω := −16ℓ
12d
ω (4A(ω)
3 + 27B(ω)2) = ℓ12dω ∆E(ω).
Let us set up the following correspondence to ease our argument. If we
write
∆E(T) =
∑
|α|≤d
δαT
α1
1 . . . T
αn
n ,
then let
∆˜E(T0,T) :=
∑
|α|≤d
δαT
12d−|α|
0 T
α1
1 . . . T
αn
n .
Notice that ∆˜E is a homogeneous polynomial of degree 12d. We have
a one-to-one correspondence between
QnB(∆E) = {ω ∈ Q
n | 1 < H(ω) ≤ B and ∆E(ω) 6= 0}
and
{ν = (ν0, ν1, . . . , νn) ∈ Z
n+1
B (∆˜E) | gcd(ν0, ν1, . . . , νn) = 1 and ν0 > 0}
via the map
ω 7−→ ν :=
(
ℓω,
u1ℓω
v1
, . . . ,
unℓω
vn
)
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This correspondence gives
∑
ω∈QnB(∆E ,P )
hˆEω(Pω)
h(ω)
=
1
2
∑
ν∈Zn+1B (∆˜E ,P )
gcd ν=1
′
hˆE
( ν1ν0 ,...,
νn
ν0 )
(P( ν1
ν0
,..., νn
ν0
))
h([ν0, . . . , νn])
,
where gcd ν := gcd(ν0, . . . , νn) and the primed summation means ν0 6=
0 with the factor 1
2
taking care of the negative ν0. In order to use the
inclusion-exclusion argument effectively in the later part, we need to
modify the estimate on the set of ν for which ∆˜E(ν) is k-free. Let
sqfr ∆˜E(T0,T) := fE(T0,T),
which is a homogeneous polynomial too and let
Zn+1B (∆˜E , k, P
nt)
:=
ν = (ν0, . . . , νn) ∈ Zn+1B (∆˜E , P )
∣∣∣∣∣∣
ν0 6= 0, fE(ν) is k-free,
Pω ∈ Eω(Q)nt
where ω = (ν1
ν0
, . . . , νn
ν0
)
 ,
for some k ≥ 4 big enough as in lemma 12. If α is the maximum of
the exponents of distinct irreducible factors of ∆˜E(T0,T), then for all
ν ∈ Zn+1B (∆˜E , k, P
nt) with gcd ν = 1, let ω =
(
ν1
ν0
, . . . , νn
ν0
)
and we have
∆˜E(ν) = ∆
′
Eω is kα-free.
Thus, letting Nk := lcm(1, . . . , kα) and using the same argument as in
lemma 6, we get∑
ω∈QnB(∆E ,P )
hˆEω(Pω)
h(ω)
≥
1
2
∑
ν∈Zn+1B (∆˜E ,k,Pnt)
gcd ν=1
′ C1
N2k
log∆minEω
log ||ν||
.
Notice that ∆˜E(T0,T) is not a constant times a twelfth power in
Z[T0,T], otherwise it will imply the same for ∆˜E(1,T) = ∆E(T). Just
like in the proof of Proposition 3, we write ∆˜E(T0,T) = β(F (T0,T))
a+12b,
where β ∈ Z, F (T0,T) is primitive homogeneous in Z[T0,T] and non-
power in C[T0,T], b ∈ N and a ∈ {1, 2, 3, . . . , 11}. Since the same
property
0 ≤ ordp(∆
min
Eω ) ≡ ordp(∆˜E(ν)) (mod 12)
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still hold for all prime p in Q, we can repeat the corresponding whole
argument as in section 5 and get
(12)
∑
ω∈QnB(∆E ,P )
hˆEω(Pω)
h(ω)
≥
1
2
∑
ν∈GoodM (F,B)
ν∈Zn+1B (∆˜E ,k,Pnt)
gcd ν=1
′ C1
N2k
1
M
+O
 ∑
ν∈Zn+1B
1
log ||ν||

where
GoodM(F,B) :=

{
ν ∈ Zn+1B (∆˜E)
∣∣ | sqfr(F (ν))|M > ||ν||} if a 6= 4, 8
{
ν ∈ Zn+1B (∆˜E)
∣∣ | cufr(F (ν))|M > ||ν||} if a = 4, 8,
for any fixed M > 2. We know from lemma 7 that the second term is
o(Bn+1). As for the first term, we estimate it by an inclusion-exclusion
argument using the Mo¨bius function:∑
ν∈GoodM (F,B)
ν∈Zn+1B (∆˜E ,k,Pnt)
gcd ν=1
′
1 =
∑
ν∈GoodM (F,B)
ν∈Zn+1B (∆˜E ,k,Pnt)
′
∑
g| gcd ν
µ(g)
=
B∑
g=1
µ(g)
∑
ν∈GoodM (F,B)
ν∈Zn+1B (∆˜E ,k,Pnt)
g| gcd(ν)
′
1.(13)
To deal with the inner sum, we have to analyse the sets of which we
are summing over. Recall that F is a homogeneous polynomial, so we
have F (gν) = gtF (ν) where t = degF and the trivial inequalities
sqfr(F (gν)) ≥
sqfr(F (ν))
g
,
cufr(F (gν)) ≥
cufr(F (ν))
g2
.
These imply the following inclusions:
GoodM(F,B, g) :=
{
ν ∈ Zn+1B (∆˜E)
∣∣∣ g| gcd(ν)} ∩GoodM(F,B)
=

g ·
{
ν ∈ Zn+1B
g
(∆˜E)
∣∣∣∣ | sqfr(F (gν))|M > ||gν||} if a 6= 4, 8
g ·
{
ν ∈ Zn+1B
g
(∆˜E)
∣∣∣∣ | cufr(F (gν))|M > ||gν||} if a = 4, 8
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⊇

g ·
{
ν ∈ Zn+1B
g
(∆˜E)
∣∣∣∣∣
∣∣∣∣sqfr(F (ν))g
∣∣∣∣M > g||ν||
}
if a 6= 4, 8
g ·
{
ν ∈ Zn+1B
g
(∆˜E)
∣∣∣∣∣
∣∣∣∣cufr(F (ν))g2
∣∣∣∣M > g||ν||
}
if a = 4, 8,
where the notation g · S means {gν| ν ∈ S} for any set S of vectors.
By Corollary 15, for g ≤ B
1
5 and M > 8, we have
(14) GoodM(F,B, g) ∼
(
2
B
g
)n+1
.
On the other hand, fE is also homogeneous. Let the degree of fE be
r and we have
Zn+1B (∆˜E , k, P
nt, g)
:=
{
ν ∈ Zn+1B (∆˜E)
∣∣∣ g| gcd(ν)} ∩ Zn+1B (∆˜E, k, P nt)
= g ·
ν = (ν0, . . . , νn) ∈ Zn+1Bg (∆˜E , P )
∣∣∣∣∣∣
ν0 6= 0, g
rfE(ν) is k-free,
Pω ∈ Eω(Q)nt
where ω = (ν1
ν0
, . . . , νn
ν0
)
 .
For µ(g) 6= 0, i.e. g is squarefree, we have the inclusions
g · Zn+1B
g
(∆˜E, k − r, P
nt) ⊆ Zn+1B (∆˜E , k, P
nt, g) ⊆ g · Zn+1B
g
(∆˜E , k, P
nt).
From (14), lemma 12 and Mazur’s theorem again, we have for any
ǫ > 0, there exists Bǫ such that if
B
g
≥ Bǫ, g ≤ B
1
5 and µ(g) 6= 0 then
γk−r,fE − ǫ ≤
#
(
Zn+1B (∆˜E , k, P
nt, g) ∩GoodM(F,B, g)
)
(
2B
g
)n+1 ≤ γk,fE + ǫ.
It is important to remark that the implicit constants of the big O’s
that appear in the rest of the proof depend only on n and nothing else.
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From (13), for B > B
5
4
ǫ ,
∑
ν∈GoodM (F,B)
ν∈Zn+1B (∆˜E ,k,Pnt)
gcd ν=1
′
1 is bounded below by
⌊
B
1
5
⌋∑
g=1
µ(g)
∑
ν∈GoodM (F,B,g)
ν∈Zn+1
B
(∆˜E ,k,P
nt,g)
′
1 +
B∑
g=B
1
5
µ(g)
∑
ν∈GoodM (F,B,g)
ν∈Zn+1
B
(∆˜E ,k,P
nt,g)
′
1
≥
B
1
5∑
g=1
µ(g)=1
µ(g)(γk−r,fE − ǫ)
(
2
B
g
)n+1
+
B
1
5∑
g=1
µ(g)=−1
µ(g)(γk,fE + ǫ)
(
2
B
g
)n+1
+O
 B∑
g=B
1
5
(
2
B
g
)n+1
= (γk−r,fE − ǫ)(2B)
n+1
B
1
5∑
g=1
µ(g)
gn+1
+ (2ǫ+ γk,fE − γk−r,fE)(2B)
n+1
B
1
5∑
g=1
µ(g)=−1
µ(g)
gn+1
+ (2B)n+1O
 B∑
g=B
1
5
1
gn+1
 .
So we get
lim inf
B→∞
1
(2B)n+1
∑
ω∈QnB(∆E ,P )
hˆEω(Pω)
h(ω)
≥
1
2
C1
N2k
1
M
(
(γk−r,fE − ǫ)
1
ζ(n+ 1)
+ (2ǫ+ γk,fE − γk−r,fE)O(1)
)
where ζ is the Riemann zeta function and one possible bound for the
O(1) here is ζ(n+ 1). So
lim inf
B→∞
2ζ(n+ 1)
(2B)n+1
∑
ω∈QnB(∆E ,P )
hˆEω(Pω)
h(ω)
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≥
C1
MN2k
((γk−r,fE − ǫ) + (2ǫ+ γk,fE − γk−r,fE)O(1)) .
Since this holds for all ǫ > 0, M > 8 and the same inclusion-exclusion
argument will give
#{ω ∈ Qn | H(ω) ≤ B} ∼
(2B)n+1
2ζ(n+ 1)
,
we have proven Theorem 1 with L1 =
C1
8N2
k
(γk−r,fE+(γk,fE−γk−r,fE)O(1)).
Notice that L1 is positive for k big enough because the sequence (γk,fE)
∞
k=1
is increasing and bounded above by 1.
7. Discussion
Our proofs of Proposition 3 and Theorem 1 use the weakened form
of Lang’s height conjecture proven by Silverman mentioned in lemma
6, which is a key tool in our proof that there is a positive density
γk−r,fE + (γk,fE − γk−r,fE)O(1) of ω ∈ Q
n(∆E) such that log |∆
min
Eω | >(
1
M
h(ω) +OE(1)
)
and hence hˆEω(p) ≥
C1
N2
k
(
1
M
h(ω) +OE(1)
)
for all p ∈
Eω(Q)nt. If we denote
µ(ω) := min
{
hˆEω(p) | p ∈ Eω(Q)nt
}
,
then we can get a uniform upper bound of the quotient h(ω)
µ(ω)
for a
positive density of ω ∈ Qn(∆E). In view of this, we can apply this to
the following theorem to say something about the integral points on
Eω.
Theorem 16. ([15] Cor.4.2) Set the following notations:
F a number field.
S a finite set of places of the absolute values of F .
RS(ǫ) =
{
x ∈ F |
∑
v∈S max(−v(x), 0) ≥ ǫh(x)
}
, so in particular
RS(1) = RS, the ring of S-integers of F .
T/F a quasi-projective variety and hT the height on T correspondind
to a fixed ample divisor, chosen so that hT (t) ≥ 1 for all t ∈ T (F ).
C/F an algebraic family of smooth, irreducible, projective curves over
T , i.e. there is a F -morphism π : C → T which is proper and smooth
of relative dimension 1; each fiber Ct is a smooth irreducible projective
curve.
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J/F the Jacobian of C/T , so J is an abelian acheme over T . Let
D ∈ DivF (J) a very ample and symmetric divisor. For each t ∈ T , the
fiber Jt is the Jacobian variety of the fiber Ct and let
ρ(t) := rank Jt(F ),
τ(t) := #Jt(F )tors,
µ(t) := min
{
hˆJ,D(p) | p ∈ Jt(F ), P non-torsion
}
.
Let ǫ > 0 and f ∈ F (C) be a non-constant rational function on C with
the following property:
the map [f : 1] : C −→ P1 is a morphism.
Then there exists a constant c depending only on [F : Q], ǫ, C, f and
T , such that for all t ∈ T (F ), the size of the set
{p ∈ Ct(F ) | f(p) ∈ Rs(ǫ)}
is at most
τ(t)c1+#S+ρ(t)
(
hT (t)
µ(t)
) ρ(t)
2
.
Corollary 17. With the setting and notations as in the proof of The-
orem 1 and let 0 < δ < 1 and M > 8, then there exists a constant c
depending only on E, such that the setω∈Qn(∆E)
∣∣∣∣∣∣ #Eω(Z) ≤ 16c2+rankEω(Q)
(√
MN2k
(1− δ)C1
)rankEω(Q)
has density at least γk−r,fE + (γk,fE − γk−r,fE)O(1).
Proof. We will apply Theorem 16 for F = Q, S = {| · |∞}, ǫ = 1 and so
RS(ǫ) = Z. Let T ⊂ Q
n(∆E) be a quasi-projective variety such that we
can define a smooth group scheme C over T associated to our elliptic
curve E/K:
C : Y 2Z = X3 + A(T)XZ2 +B(T)Z3.
Notice that since each fiber Ct = Et is an elliptic curve, it is equal to
its Jacobian Jt. We will use the rational function f = x =
X
Z
∈ Q(C)
and we need to show that
[x : 1] : C −→ P1
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is a morphism. The map is clearly defined on all points with Z 6= 0.
From the equation for C, we have
[x : 1] = [X : Z] = [Y 2 − B(T)Z2 : X2 + A(T)Z2].
Since any point of C with Z = 0 will have the form ([0 : 1 : 0], t), we see
that [x : 1] will map such a point to [1 : 0]. So [x : 1] defines a morphims
and Theorem 16 says that there exists a constant c depending on E,
such that for all ω ∈ T (Q) ⊂ Qn(∆E), we have
# {p ∈ Eω(Q) | x(p) ∈ Z} ≤ τ(ω)c
1+1+ρ(ω)
(
h(ω)
µ(ω)
) ρ(ω)
2
≤ 16c2+rankEω(Q)
(
h(ω)
µ(ω)
) rankEω(Q)
2
,(15)
where we obtain the second inequality by bounding τ(ω) ≤ 16 using
Mazur’s theorem.
From the proof (See inequality (12)) of Theorem 1, we have for any
M > 8, there is a positive density γk−r,fE + (γk,fE − γk−r,fE)O(1) of
ω ∈ Qn(∆E) such that
µ(ω) >
C1
N2k
(
1
M
h(ω) +OE(1)
)
.
For any 0 < δ < 1, the set of bounded height
Bδ :=
{
ω ∈ Qn
∣∣∣∣ h(ω) ≤ M |OE(1)|δ
}
is a finite set. By excluding these finite points, we still have a positive
density γk−r,fE + (γk,fE − γk−r,fE)O(1) of ω ∈ Q
n(∆E)\Bδ such that
(16) µ(ω) >
C1
N2k
(
1− δ
M
h(ω) +
δ
M
h(ω) +OE(1)
)
≥
C1
N2k
(1− δ)
M
h(ω).
Since T is a dense Zariski open subset of Qn(∆E), from inequalities
(15) and (16), we have a positive density γk−r,fE+(γk,fE−γk−r,fE)O(1)
of ω ∈ (Qn(∆E)\Bδ) ∩ T (Q) such that
#Eω(Z) ≤ # {p ∈ Eω(Q) | x(p) ∈ Z} ≤ 16c
2+rankEω(Q)
(
h(ω)
µ(ω)
) rankEω(Q)
2
≤ 16c2+rankEω(Q)
(
MN2k
(1− δ)C1
) rankEω(Q)
2
,
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which completes the proof of the corollary. 
We remark that if the Lang’s conjecture is true, then we can im-
prove both Proposition 3 and Theorem 1 to L2 =
C1
2
and L1 =
C1
8
,
independent of E. Also, corollary 17 will be improved to density 1.
One might be interested to ask whether we can generalize our initial
setting of Q to any number field F . In order to do that, we first
have to replace Z to F integers OF in Proposition 3 and scrutinize all
the lemmas used in the proof to see whether they are still valid in F .
Lemma 6 can be easily generalized to F as both the Silverman [11]
and Kodaira-Ne´ron Theorems [16] were originally proven for number
fields. Further, lemmas 7, 9 generalize immediately, Mazur’s theorem
also has its generalized counterpart, Merel’s Theorem. Alternatively,
we can use the following Masser’s bound (we thank the referee for
pointing this out). Using methods from transcendence theory, Masser
obtained the upper bound ([8] Corollary 2)
#E(K)tor ≤ Ck
√
h([1, g1, g2])[K : k] (h([1, g1, g2]) + log[K : k])
for elliptic curve E/k : y2 = 4x3 − g1x− g3, where Ck is an effective
constant that depends only on the number field k and K/k is any finite
field extension. Hence, applying this to our setting over the number
field F , we can obtain easily that for all ν ∈ (OF )
n
B,
#Eν(F )tor ≤ CF (h([1, 4A(ν), 4B(ν)]))
3
2 ≤ C ′F (logB)
3
2
where C ′F is an effective constant that depends on F and the polyno-
mials A(T), B(T). This is sufficient for our application as it gives us
the bound
#{ν ∈ OnF |H(ν) ≤ B and Pν is torsion} = O(B
n−1(logB)
3
2 ) = o(Bn).
Besides having the advantage of a computable effective constant, Masser’s
bound is also true for general abelian varieties ([9] Main Theorem and
Scholium 2).
What are left to be worked on are lemmas 12 and 14. Another,
and possibly more interesting problem is to prove convergence of the
average, or even better, to prove the average converges to hˆE(P ).
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